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1. Introduction and Motivation

For many scientific and engineering problems, interpolation of a given data set and
approximation of a function are indispensable. There are numerous methods for
interpolation and approximation, which form important topics in classical numeri-
cal analysis and approximation theory. The nature of the function to be used for
interpolation depends on the signal or image that the function is intended to model.
Smoothness and non-smoothness being one of the significant features sought for
the constructed interpolant, to address the interpolation of a more complicated
and irregular data set, Barnsley presented the concept of fractal interpolation func-
tion (FIF) [3]. It was further taken up by many researchers; see, for instance,
[4, 5, 14-16, 18]

In its basic setting, FIF is a continuous univariate function such that: (i) the
function interpolates a prescribed finite data set, (i1) the graph of the function is
a fractal (self-referential set) in the sense that it is a fixed point of the so-called
Hutchinson-Barnsley operator corresponding to a suitable iterated function system
(IFS), which is a standard framework for constructing fractals [13]. In an analytical
framework, FIFs are obtained as the fixed points of the Read-Bajraktarevi¢ (RB)
operators. Consequently, a FIF satisfies a self-referential equation, and the theory
of FIFs has become an ideal approach for the approximation of naturally occurring
functions. Differentiable FIFs supplement the classical smooth interpolation meth-
ods [9, 20]. The literature on FIFs is too vast, and therefore no effort is made here
to survey this topic. Instead, in what follows, we will focus on certain facts about a
few generalizations and a specific formulation of FIFs that have impacted our own

work in this thesis.

Let [a,b] be a closed bounded interval in R, and Y be a compact arc wise
connected metric space. In [22], Secelean proved that for a given countable system
of data (CSD) in [a,b] X Y, there exists a countable IFS whose attractor is the
graph of a function interpolating the given data. Henceforth, we refer to this as a
countable FIF to distinguish it from the traditional FIF by Barnsley, which deals
with a finite set of data points and which is based on the theory of finite IFSs.

The notion of the zipper, which is closely related to IFS, provides another
methodology to create fractals [2]. As the notion of FIF (based on IFS theory) has
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garnered significant attention in interpolation and approximation theory, one is
prompted to ask whether an interpolation scheme based on the concept of zipper
can be developed. Recently, in [10], authors presented a univariate zipper fractal
interpolation function for finite data sets that encompass the standard affine FIF as
a special case. However, so far, there has only been a cursory treatment of the role
of zipper in approximation and interpolation theories.

During the literature survey, we observed that: (1) the notion of zipper has
been used for fractal interpolation resulting the so-called univariate zipper fractal
interpolation for a prescribed finite data set, (2) there have been attempts toward
bivariate versions of Barnsley’s theory of FIF. A gap in the literature as observed
after studying the above works is to find if a zipper fractal interpolation function
for a countable data set can be constructed. In the present work, Chapter 2 aims to
fill this gap. Similarly, the bivariate analog of FIF for countable data is hitherto
unexplored. An attempt is made in this direction in the first section of Chapter 3.

A main offspring of FIF - referred to as the a-fractal function - established
a close connection between univariate fractal interpolation and approximation.
The notion of ¢-fractal function, brought to the limelight by Navascueés [19],
provides a parameterized family of self-referential functions that interpolate a
given function at a finite number of nodes. Further, this family of functions
provides an approximation procedure in various function spaces [23]. Our specific
attention to the o-fractal function is due to its potential to connect the FIF with
other branches of mathematics, such as approximation theory, harmonic analysis,
and functional analysis.

In parallel or even prior to the development of the univariate ¢-fractal functions,
several works on bivariate and a few on multivariate FIFs have been reported in the
literature; see, for instance, [6, 7, 11, 12, 17, 21, 24]. On one hand, these studies on
the bivariate and multivariate FIFs have favored a more interpolation viewpoint. On
the other hand, these constructions are not general enough to provide a multivariate
analog of the a-fractal functions. We take up the study of a general framework to
construct multivariate FIFs, associated a-fractal functions, and the fractal operator
in various function spaces as the main focus of the thesis. This is motivated by the
need to connect multivariate FIFs further with the theory of approximations and

other branches of mathematics, with the o-fractal function formalism as a vehicle.
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2. A Concise Description of the Research Work

The proposed thesis is divided into seven main chapters. The first two chapters
(after the introductory chapter) of this thesis aim to fill some gaps observed during
our literature survey on univariate and bivariate FIFs. As the title indicates, the
other chapters deal with the multivariate FIFs. We would like to stress that the
o-fractal function formalism of FIF and the associated fractal operator act as a
recurrent theme in all the chapters. The contents of the thesis are described briefly

in the following seven subsections, each of which represents a chapter in the thesis.

2.1 Introduction

The purpose of this chapter is to provide the essential background material, fix
notation and terminologies, and conduct a brief literature survey relevant to our

study in the subsequent chapters.

2.2 Countable Zipper Fractal Interpolation Functions

This chapter focuses on some developments in the theory of fractal interpolation of
countable univariate data using the notion of zipper. The results obtained here can
be seen as an extension of [10] to countable data sets and that of [22] to a more

general setting, namely, zippers.

Definition 1. Ler (X,d) be a compact metric space and (W;) jcn be a sequence of
continuous maps from X into X. Furthermore, let Ng := NU{0}, (v;) jen, be a
convergent sequence in X with lim v; = ve, and s := (s;) jen be a binary sequence.
The system Z = {X;W;: i € N ]i_;;o called a countable zipper with vertices (v;) icn,

and signature (s;) jen € {0, 1} if

W/i(v()) = Vi—1+s;» vVi("OO) = Vi—s; vV ieN

Note: In what follows in this chapter and beyond, we shall use the notation X to
denote a complete or compact metric space. The actual space X may change from

one appearance to another.



A nonempty closed (hence compact) set A C X is called an attractor of the
zipper Z = {X;W; : i € N} if it satisfies the self-referential equation

Consider a CSD {(x,-, yi) € R2: je NO} such that the sequence of the first coordi-

nates is strictly increasing and bounded, and the sequence of the second coordinates

is convergent. Let xoo = limx;, Yo = limy;. Set I = [xg,X«|. For each i € N, con-
[—ro0 [—o0

sider an affine map, [; : [ — [x;_1,x;] := I;, given by [;(x) = a;x + b;, satisfying

li(x()) = Xi—1+s;> li(x°°) = Xi—s;- (1)

Let us denote the Lipschitz constant of a Lipschitz continuous function 4 : I — R
by [h]r. Let J C R be a sufficiently large compact interval which contains the
sequence (y;) ien, and Ye. Set

X=1IxJ. 2)

Forie N, let ; : I — R and ¢g; : I — R be arbitrary but fixed Lipschitz continuous

functions, o = (0 );en, and

lleellee = suplefles <1, sup [o4]L <o, sup [g]r < oo. 3)
ieN ieN ieN

Let F; : I xJ — J be given by

Fi(x,y) = ai(x)y + qi(x). “)

Set
Wi(x,y) = (Li(x), Fi(x,y)) Q)

Theorem 2.1. Consider the countable zipper Z = {X;W; : i € N} with vertices
((xi,yi))l.>0 and signature (s;) jen given above in (1)-(5). Further, assume that
Fi(x0,50) = Yi—1+s; and Fi(Xe,Ye) = Yi—s, for all i € N. Then there exists a
unique continuous function g% : I — R such that g&(x;) = y; for all i € Ny, whose

graph is the attractor of the countable zipper Z.
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Definition 2. The function g& occurring in the previous theorem is referred to as

the countable zipper fractal interpolation function (CZFIF).

Remark 1. In view of Theorem 2.1 it follows that the CZFIF g% satisfies the

iterative functional equation
g¥(x) = E(li_l(x),gf‘oli_l(x)) Vxel,ieN. (6)

Further, g% (Xo) = Yoo

Let A= {(x;,yi) : i € No} be a prescribed CSD. Consider a specific type of a
countable zipper {X;W;(x,y) = (li(x), Fi(x,y)), i € N} defined via

Fi(x,y) = 04(x)y + ¢ (li(x)) — 06(x)b(x), @)

where ¢ is a Lipschitz function interpolating A and b is a Lipschitz function
interpolating the points (xg,yp) and (Xw,Yw). Consider the perturbed data set
A:={(x;,¥;) :i € Ng}. Assume that J is sufficiently large interval to include the
ordinates of A and the constant $., = lim y;. We shall fix the same signature as in

j—oo
the zipper for the original data A = {(x;,y;) : i € No}. Now we consider a countable

zipper {X;Wi(x,y) = (li(x),Fi(x,y)), i € N} defined through the maps ; : I — I;
as above and
Filx,y) = ai(x)y + ¢ (li(x)) — 0i(x)b(x), (3)

where ¢ is a Lipschitz function interpolating Aand b is a Lipschitz function

interpolating (xo,Yo) and (Xeo, Yoo )-

Theorem 2.2. (Stability) Let A = {(x;,y;) : i € No} and A := {(x;,;) : i € No}
be two CSDs. Let g& be the CZFIF for A generated by the countable zipper
{X;Wi(x,y) = (li(x),Fi(x,y)), i € N} defined via (1)-(5) and (7). Assume further
that §% is the CZFIF corresponding to the data set A generated by the zipper
{X;Wi(x,y) = (i(x),E(x,y)), i € N} defined through (1)-(5) and (8). Then we

have

19 = Glleo + ll el 16— Bl

lgs — &5lleo <
C 1=l



Let g% be the CZFIF for the data A = {(x;,y;) : i € Ny} generated by the zipper
{X;Wi(x,y) = (li(x),Fi(x,y)), i € N}, where the maps F; are as given in (7). Let
T; : X — R, i € N be defined by

Ti(x,y) = [0a(x) + &wi(x)ly + ¢ (Li(x)) — [06(x) + &Y (x)]b(x) + Gimilx),  (9)

where ¢ is a Lipschitz function interpolating A and b is a Lipschitz function
interpolating the points (xg,yo) and (Xe,ys ). Furthermore, €;,&; € R satisfy 0 <
el == sup\e,\ <k<1,0<|€]..:= sup|§,\ < K < 1, and y;, 1; are Lipschitz

functions such that || |||, + ||€]l.. |||l//|||°o < 1 and 7n;(xp) = Ni(xe) = 0.
It is easy to check that

E(x()?y()) = Yi—1+s;» E(xomyw) = Yi—s;-

The function 7; can be treated as a perturbation of the function F;. Let g?f";
be the CZFIF for the CSD A = {(x;,y;) : i € Np} corresponding to the zipper
{X; (li(x), T;(x,y)),i € N}. The next results point to the sensitivity of the CZFIF
to the perturbation in the mapping of the zipper.

Theorem 2.3. (Sensitivity) Let g% and g;x’; be the CZFIFs for the data A =
{(xi,yi) : i € No} corresponding to the zippers {X; (li(x),F;(x,y)),i € N} and
{X; (li(x), Ti(x,y)),i € N} respectively. Then

1€ — bl Wllleo
= Tlecllee) (1 = fllexlee = 1€ ool Wil

linll..
+ o)
(=Tl (1= el = el vl '

where

IWllleo := sup{llillec} < oo and [nllc = sup{[[nillec} < ee.
ieN ieN

Let [ = [xp,X-| be a compact interval in R. Let us denote the space of all
real-valued Lipschitz continuous functions on 7 by Lip(]). Let f € Lip(1), referred

to as the seed function or germ function. Suppose A = {xg,x1, ...} be an ordered set
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of strictly increasing points in the interval = [xo, X« such that sup ;cy, Xi = Xeo.
We refer to A as a partition of I. By a slight abuse of notation, let us write
A = {(xi,f(xi)) : i € No}. Next, let b : I — R be a fixed Lipschitz continuous
function such that b(xp) = f(xo) and b(xe) = f(xe). Following the terminology in
the literature on fractal interpolation, we call b as a base function. We may assume
b # f to avoid trivialities. Furthermore, we consider the following special type of

maps F;, i € N defined on X.

Fi(x,y) = ai(x)y + f(Li(x)) — ot(x)b(x).

Consider the countable zipper 2 = {X; (Ii(x),Fi(x,y)) : i € N} and apply the
countable zipper fractal interpolation method to the CSD A above. The interpolant

obtained here is denoted by fSaA’b, which satisfies the functional equation

) = @)+ (17 0) (S (07 (0) = b (7 () ), ¥ x € k= [

Let us recall that fsaA’b(xi) = f(xi), VieN and fsaA’b(xoo) = f(Xeo)-

Definition 3. The aforementioned fractal function fSaA’b is called (s,Q)- zipper

fractal function associated to f with respect to the partition A and base function b.

Let us choose b via an operator as follows. Suppose that L : Lip(/) — Lip(/) is an
operator such that L(f)(xg) = f(x0) and L(f)(xe) = f(xx). Let b = L(f). In this
case, the corresponding (s, ot)-zipper fractal function will be denoted by fs(j‘A’L or
simply by f&.

Definition 4. Let A, s, a and L be fixed. Associating each fixed f € Lip(I) to its
fractal counterpart ngL, we obtain an operator called the ?S’AL—opemtor or zipper

fractal operator defined as follows.
Fox :Lip(I) C C(I) —» €(I);  Foy(f) = f455

Further results in this chapter aim to analyze some fundamental properties,
such as closedness, relative closedness, closability, relative closability, and various
types of boundedness of the nonlinear zipper fractal operator defined on Lip(/).

Further, we shall extend this operator to C(7) using standard density argument.
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2.3 Countable Bivariate Fractal Interpolation Functions

In this chapter, we develop a fractal interpolation technique for bivariate countable
data lying on grids of a rectangle.

Consider a bivariate CSD A = {(x;,y;,zij) : i,j € No} C R?, where (i) the
sequences (X;);en, and (y;) jen, are strictly increasing and bounded, (ii) the double
sequence (z;;) is convergent in the sense that lim; j_,..z;; exists and it is finite, and
(ii) limj e z;; < oo for each fixed i € Ny, and lim; . z;; < oo for each fixed j € Ny.
For a bivariate CSD, we denote Zeowo := 1.71].i£>n°o Zij. Let Xeo := llgg Xi, and yoo := jll_{l;lo ;-
Set I := [x0, X and J := [y0,V«|. Assume that K is a sufficiently large compact
interval containing the set {z;; : i,/ € No} U {Zww } and X :=1xJ x K.

For i € Ny, let s; := # Define 7: N x {0,00} — N by 7(i,0) :=i— 1+
siand T(i,c0) :==i—s;. Fori,j e N, letu; : [ = I;:= [x;_y,x] and v; : J = J; 1=
[vj—1,y,] be given by u;(x) = aix + b; and v;(y) = c; +d,, respectively. The
constants a;,b;,c; and d; are determined by the constraints

u,'(X()) = S;_1Xi—1 + SiX;, u[(xoo> = 8iXj 1+ Si+1Xi,
vivo) =sj—1yj—1 8y ViVe) =851+ 8415

For every (i, j) € N x N we consider the constants 6;, A, @;j € (0,°°). Suppose the

functions F;; : X — K are such that the following assertions hold:

limsup §; = limsup A; = limsupsup ¢;; = limsupsup ¢;; = 0;
i J J i i J

ol := sups;j <1,
irj

and, for every (x,y,z),(x,y,7) € X,
|E’j(x7yaz) _Ej(xl7ylaz)| < 5,'|X—X/| +)L]"y_y/’7

‘Ej(x,y,Z) _F;'j(xnyazl)‘ S aij|Z—Z/|,
Fij(xXi,y02k) = 2o o) ¥ ki1 € {0,003

Define VVZ] X = be ‘/Vij(xvyaz) = (l/li(x>,Vj(y),E‘j(X,y,Z)) - Then {Xv (Vvij)(i,j)ENXN}
is a CIFS.



Theorem 2.4. Let us consider the CIFS {X,W;; : (i,j) € N x N} defined above.
Assume that for each (i, j) € N x N, the function F;j : X — K further satisfies the

following matching conditions

1. foralli e Nand x* = ufl(x,-) = uijrll(x,-), Fij(x*,v,2) = Fiy1,j(x*,9,2), Vy €
J,zeK,

2. forall j€Nandy* =v; ' (y;) = vl (v)), Fj(x,y",2) = Fir1,j(x, Yo, 2), VX €
I,z K.

Then there exists a unique continuous function g : I x J — R such that g(x;,y;) = z;;
foralli,je Ny x Ny, and the graph of g is the attractor of the CIFS defined above.

In order to explore some approximation theoretic aspects, we consider here a
special case of the countable bivariate FIF constructed previously. To this end, let
I X J = [x0,Xeo] X [0, 0] CR?. We say that A= {x;:i € No} x {y;: je No} CIxJ
is a partition of 7 x J if the sequences (x;);cn, and (y;)icn, are strictly increasing

such that lim x; = x and lim y; = y...
i—o0 J—roo

Let Lip(Z x J) C C(I x J) denote the set of all Lipschitz continuous real-valued
functions defined on I x J. Fix f € Lip(I x J) and by a slight abuse of nota-
tion, consider the bivariate CSD A = {(x;,y;, f(xi,y;)) : i,j € No }. Assume that
L : Lip(I x J) — Lip(I x J) is an operator satisfying the boundary conditions
L(f)(xk,y1) = f(xk,y;) forall k,I € {0,}. Let K be a sufficiently large com-
pact interval containing the set { f(x;,y;) : i,/ € No} and X =1 xJ x K. For i, j €N,
define Fj; : X — K by

Fij(x,y,2) := a(ui(x),vj(y))z+ f(ui(x),v;(y)) — a(ui(x),v;(y))L(f)(x,y),

where a : I x J — R is a Lipschitz continuous function such ¢; = [|0t||w 1;xs; =

SUD(x y)el;xJ; !Oc(x, y)‘ satisfy the conditions required in the above theorem.

Theorem 2.5. Assume that the partition A, scaling function o, and operator L are
fixed. Then corresponding to each f € Lip(I x J), there exists a unique continuous
Sfunction fgfL : I xJ — R such that



1. fX, interpolates f at the points in A, that is, {2, (xi,y;) = f(xi,y;) for all

2. the graph of f¥, is the attractor of the CIFS {X,W;; : (i, j) € N x N} defined

above.

Definition 5. The function fy, is referred to as the (countable bivariate) a-fractal
Jfunction associated to the germ function f, with respect to the parameters o, A
and L.

Definition 6. Let o, A and L be fixed. The operator I, : Lip(IxJ) C C(I xJ) —
C(I x J), defined by
X,L(f) = fgu

which assigns to each f € Lip(I x J) its self-referential counterpart f¢, , is called
the a-fractal operator on Lip(I x J).

The subsequent parts of this chapter focus on studying the approximation and

operator theoretic properties of the bivariate fractal operator Iy, .

2.4 Multivariate Fractal Interpolation Function on Rectangular Grids

In this chapter, we demonstrate a general framework for the construction of multi-
variate FIF that is amenable to the a-fractal function formalism, as mentioned in
the introductory section.

Letn > 2, A= {(X1,i,X2,iy, - 1 Xnins Virinin) * ik € EN03k € Xy } is a data set
such that x; o <xg 1 < <xgpn, foreachk€X,; n>2.Fork=1,2,...n,setl =
(X0, Xk.n,) and Q = [T;_, Ir. To simplify the notation, for m € N, we write X, =
{1,2,....m}, L0= {0,1,...m},0%, 0= {0,m}, and int¥,, o = {1,2,...,m—
1}. Furher, we shall denote by I; ;, , the typical subinterval of I; determined by the
partition {x¢ 0%k 1, -, Xk N, b Tki, = [Xk,i—1,Xk,i,] for ix € Ly, . For any i € Xy,
let uy ;, : lr — I ;, be an affine map satisfying

{ Uk iy (xk’()) = Xk,iy—1 and Uk i, (xk,Nk) = Xk,i» if ik is Odd,

u/w'k (xk70) = xk7,~k and uk’,’k (xk7Nk) = xk’ik_l, if ik 18 cven,
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|Mk,ik(x) _uk,ik(xl)’ <oy lx—x], ¥V xx €l

where 0 < oy ;, < 1is a constant. Let 7:Z x {0,N1,N,...,N,} — Z be defined
by
{T(i,O) —i—1 and ©(i,Ny) =1, if i isodd,

7(i,0) =i, and T(i,N;y)=i—1, if i iseven.

Let X := Q x R. For each (i,i2,...,iy) € [1f_; Zn,, let Fi, i, : X —>Rbea

continuous function satisfying the following conditions.

Eli2-~~in (ijl 3 X2 joy e ,Xn7jn,yj1j2...jn) = Ye(ir,j1)t(i2,j2) ... T(in,jn)
forall (ji,j2,...,jn) € [}, 9Zn, 0 and

‘Eliz...in(xlv)(:z’ s 7xn7y) _Eliz...in(xla)CZ: v 7Xn,yl)‘ S Yiliz...in|y_y/’7

forall (x1,x,...,x,) € Q and y,y € R, where 0 < %,;, ;, < 1is a constant.
Finally, for each (i, i2,...,iy) € [T{_ Xn,, we define W; ;, ;, : K — K by

Wit (X15X25 <X, ¥) = (w1, (1), 42,0, (%2), - - s iy, (%),

Elig...in (X] 9 X2yt ,Xn,y)) :

and consider the Iterated Function System (IFS)
n
(X Wiy (i) € [ 2, .
k=1

Theorem 2.6. Let A = { (x1,i,,X2,i5, - - -\ Xnips Viriaooiy) D ik =0, 1,... ,Nisk € X, } be
a prescribed multivariate data set and {K,W;,i, i, : (i1,i2,...,in) € [I{_ Zn,} be
the IFS associated to it, as defined above. Assume that for each (iy,iz,. .. i) €
[Ti—; Zn,, the map F;,. i, satisfy the following matching conditions:
For all i € intEy o, 1 <k <n, (i1,i2,...,in) € [1}_ Zn, and x| = u];ilk (Xki,) =
ul:,ilk—ﬁ—l ('xk7ik>7

Fiy i (X153 Xk 15 X Xk 1 - - - Xy )

*
— F;'l...ik—i-]“.in(xl yooo s Xk—19 X s Xk+1 - - ~xn7y)7
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where (xX1,...Xk—1,Xk+1 -, %) € [T}y j 4 Lj and y € R. Then there exists a unique
continuous function f : Q — R interpolating A whose graph is the attractor of the

IF'S considered above.

Now, we obtain a parameterized family of fractal functions associated with a
prescribed germ function f by using the idea of multivariate fractal interpolation

demonstrated above. To this end, consider the set
A= {(XLil?xZJz? ... ,xnﬁin) ceQCR": iy € ZNk,(), ke Zn},

where x; o < xjx < - <xgn, foreachk € X, :={1,2,...,n}. With a slight abuse

of notation, let us write

A= {(xl’il,...,xm,-n,f(xl,i,,...,xm-n)) EQXR: i €Ty 0, k€ Zn}.

Choose a function b € () such that for all (ji, j2,...,jn) € [Ti—; 9ZN,.0

b(xl,h X2, jp5 e - 7'xn7jn) - f(ijl X2, o500 >xn,jn)'

Consider a continuous map @ : Q — R such that |||e||., < 1. Define

Eliz...in (x17-x27 oo 7-xi’l7y)
= [ (1, (1), 42,5, (x2) - - tn g, ()

+ OC(uL,-1 (x1),u2,i,(X2) . . . Up,j, (xn)) (y —b(x1,x2,... ,xn)).

The above choice of functions F;;, ;, in satisfy the constraints required in the
previous theorem. Hence, there exists a unique fractal interpolation function, which
we shall denote by f§, : [T;—; Ix — R, such that it satisfies the self-referential

functional equation

125 = FO) + () (18, —b) (.}, (X)),

forall X € [T¢_, Ix;, and (i1,i2,...,in) € [T, Xn,, Wwhere X = (x1,x2,...,%,) and
~1 ~1 —1 -1 )

Wit i (X)= (”1,i1 (x1), Uy ;) (x2), .. T (xn)) . We call fzb TTi2; I — R, the mul-

tivariate ¢¢-fractal interpolation function corresponding to the seed function f.
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We study the fractal dimension of the graph of f Xi , and its fractional integral.
Next, we choose the base function b :  — R in the above construction via a
nonlinear operator L : C(Q) — C(Q) defined by b = L(f). This, as in the earlier
chapters, gives rise to a fractal operator on C(Q), which is the further topic of study

in this chapter.

2.5 Smoothness Preserving Multivariate Fractal Interpolation Functions

In this chapter, we investigate multivariate FIFs in C¥(Q), the function space
consisting of functions whose all partial derivatives upto order M exist and are
continuous. To this end, let f € CM(Q) be fixed. Define Gy (Q) by

eY(Q) = {gee(Q):D'(g)(X) =D'(f)(X) ¥ [ with |[| <M
and X € 89}.

We shall consider the space €M (Q) equipped with the norm || - || 0, defined by

Igllme =Y llglleo- It is plain to see that the set C} (Q) endowed with the metric
lI|<M
induced by the norm || - |[37,. is a complete metric space.

Now choose the scaling vector & and base function b appearing in the construc-
tion of the multivariate o-fractal functions f{, corresponding to f € CM(Q) also
as smooth enough, that is,

1. ail...in € GM(Q) for (ih .. ~7in) € HZ:l Z:Nk'
2. be e (Q).

Let us denote

n
lletllyg o = max{HDl(a,-l,,.,-n) ) <M, (i1 i) € Hsz}.
k=1

Similar to that in the construction of f, given in the previous chapter, let us

define an RB type operator Tr on Gy (Q) by

Ty(g)(X) = f(X) + 04y, (X) (g — b) (i, (X)),

13



forall X € [T}_, i, x and (i1 ...in) € [T{_; Zn,- Recall the notation
la) = min{|ag ;| : ix € Zn, k€ X, }.

Theorem 2.7. The map Ty maps 6}/[ (Q) into 6’;4 (Q) and satisfies the Lipschitz

condition

2\ M
I75(6) = Tyl < () Nellaclls = e

forall g,h € GI}’[(Q). In particular, if

2 \ M
(1) Nl <1,

then Ty is a contraction map. Its unique fixed point fy, € GJ}’I (Q) is such that

[
D(£8,)(X) =D (H(X)+ ¥ (Z)Dlp(ah...in (X))D?(£2, —b) (i1, (X)),

p=0 \P
(10)

forall X € [Ti_; Ik, (its---,in) € [Ti—, En, and multi-index | with || <M.

In the subsequent parts of the chapter, we shall use the above construction to get a
fractal Hermite interpolant. To this end, we shall first extend the classical bivariate
Hermite interpolation formula presented in [1] to higher dimensions. Further, we
shall discuss some shape preserving approximation aspects of multivariate smooth
FIF.

2.6 Multivariate Fractal Functions in Lebesgue and Sobolev Spaces

In the same spirit as in the previous chapters, we shall construct multivariate o-
fractal functions corresponding to a fixed function, but this time in the function
spaces: (1) Lebesgue space £ () and (2) Sobolev space WY-F(Q).

Letn > 2be aninteger and A = {(x1j,,X2,iy, - -, Xn,i,) € R" 1 i € Ey 05 k € L}
be such that x; o < x;1 < -+ < xp, for each k € X,. Note that x; o < xi1 <

14



+-+ < xg,n, determines a partition of I into subintervals I ;, = [x¢;, |, Xk, ) for

iy =€ intZNk’() and Ik,Nk = [xk’qu ,xk7Nk} .
Nie
It is worth to note that [, = U Iy, for k € ¥, and each node point in the
Q=1
partition of I is exactly in one of the subintervals I ; , iy = 1,2...,N; mentioned

above.

For each iy € X, let uy;, : Iy — I ;, be an affine map of the form
Uk i, (X) = ay i x + by, ,
satisfying
Uk iy, (xk’()) = Xk,ir—1 and U iy, (xk’Nk) = Xk,i; if ik is Odd,
Ui (ko) = Xki,  and  ug (XN, ) =Xki—1  if i is even.

When the interval [; ;, involved in the definition of affine maps is half-open, the
above equation needs to be interpreted in terms of the one-sided limit. For instance,

when i € intXy, o is odd, uy ; (Xkn,) = Xkj, actually means Lim  uy, (x) = xg ;.
xﬁxijk

Note that
’uk,ik (x> — Uk iy, (x,)’ < Yeiy |x—x’], v xaxl € Iy,

for 0 < % ;, = |ax,i,| < 1. Using the definition of the map uy ;, , one can verify that

—1 —1
uk,ik (xkaik) = uk7ik+1 ('xk,ik)ﬂ

for all i; € intXy, 0.
Finally, for each g € £P(Q), and X = (x1,...,x,) € [T ks (ity---yin) €
[T, Zn,, we define Tr(g) as

where u; ! (X) = (uy} (x1),...,u7] (xa)), b(# f) € LP(Q) be arbitrary but fixed,

and oy, . ;, are real numbers that satisfy certain constraints which will be mentioned
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in the sequel. The (TT}_; Ni)-tuple comprised of the real numbers o, ., is called

the scaling vector or scaling factor and it is denoted by ¢. We define
n
llletl].o :max{|oc,~1,,_,~n| 2 (i1, yin) € HZNk}.
k=1

The main objective in this section is to choose the scale vector & and base function
b so that the Read-Bajraktarevi¢ (RB) operator T is a well-defined map, and, in

fact, Ty is a contraction map on the function LP () under suitable constraints.

Theorem 2.8. Let f € LF(Q) for 1 < P < . Then Ty maps LF(Q) to LF(Q).

Further, Ty is a contraction map, if

1
Y I (AT lak e i |P| T <1 for 1< P <oo,

ip=1"""&=ij=1

el <1, for P =co.

Hence there exists a unique f, € LF(Q) such that
SR (X) = FX) + iy i, (f2 =) (w7, (X)),

for X € Ti_ Ixi,, and (iy,...,in) € [Tj_, XN,

Similarly we have the following.

Theorem 2.9. Let f € WMP(Q) for 1 < P < . Suppose that the base function
b € WML (Q) and the scaling vector is chosen so that

1

N, N |0ty i | P
ZinZI"'Zh:l HZ:1|ak,ik|MP71 <L for 1P e (11)
[0 inl . :
max{m. (117"'7ll’l)€HZ:12Nk}< 17 fOT P = .

Then the RB operator Ty given in (2.6) is a contraction map on WMP(Q). Conse-
quently, Ty has a unique fixed point .

2.7 Fractal Functions in Mixed Norm Spaces

Thus far, our discussion on multivariate fractal functions has been limited to

function spaces essentially endowed with the classical £~ norm. In this chapter,
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we continue this investigation to some mixed norm spaces. We shall also study
the approximation properties of the multivariate Kantorovich operators and their
consequences in the fractal approximation process on mixed Lebesgue spaces.

Let n > 2 be an integer and Q = [0,1]". Consider a partition A =
{(x17i1,x27,-2,...,xn7,'n) eER":ip € Xy 05k € Zn} of Q such that 0 = x; o < xx <
o <xgn, = 1foreachk € X, Foreachk € X, 0 =30 <xp1 <--- <xgn, =1
determines a partition of [0,1] into subintervals I ; := [xk7ik—1’xk7ik> for iy =
1,2,...,Ny — 1 and [, := [xk7Nk_1,xk7Nk}. For a fixed f € £ ([0,1]") and an
arbitrary g € £ ([0,1]"), define Ty : [0,1]" — R by

T(8) (X) = F(X) + 0ty (s—b) (i, (X)) X € [ Lea
k=1

where b € L?([O, 1]") is fixed and o, ;, € R is chosen so as to satisfy some
bound to be mentioned in the sequel. Let &t = (¢, .;,) be a (IT;_, Ni)-tuple of real

numbers.

Theorem 2.10. Let P € [1,00)" and f € L?([O, 1)") and the parameters o, A,
and b € L?([O, 1]") be fixed. Further, let us assume that the scale vector is chosen
such that

? Nn Ni’l*l
Cao:=| Y lani3 Y, lan—1i, |-
1

in—l:1
M M % % Pfq P
ir=1 i1=1

Then Ty : L?([O, 1" — L?([O, 1)") is a contraction map. Hence by Banach fixed
point theorem there exists a unique fy, € £ ([0,1]") which satisfies the following

self-referential equation
n
FEpX) = £ + @iy, (£2 = 0) (L5, (X)), X € [Ty
k=1

Now, let f: [0, 1]" — R be a given function and M1, ..., M, be non-negative integers.
For the sake of brevity, let us write M = (My,...,M,), the Bernstein-Kantorovich
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polynomial associated with f is defined as
M1 Mn n X
Kn()X) = Y - Y [TPu ()
i1=0  i,=0k=1

1=0

! ! i1+t1 in+tn

dt...ds 12
/0 /()f<M1+17 ’Mn‘f’l 1 n ( )

Lemma 2.1. Let Ky be the Kantorovich operator defined in (12) and f €
£ ([0,1]7). Then K(f) € €([0,1]") € £ ([0,1]").

Now, for k = 1,2...,n, consider 1 : [0,1]" — [0,1] C R and & : [0,1]" —
[0,1] C R are defined by & (X) = x; and 1 (X) = x7

Lemma 2.2. Let Ky be the multivariate Kantorovich operator defined in (12).
Then we have the following

M; 1
(1) KM(&j) = Mﬁj_1 5] + 2(M;+1)
(2) Kn(n)) = gz M (M; = 1) mj+ 2038+ 1]
As a direct consequence of the above lemma, we have the following corollary.

Corollary 2.1. Let Ky be the Kantorovich operator defined in (12). Then we have
the following

(1) |Kp(Ej) —&jllee — 0 as Mj — oo.
(2) [[Km(nj) = Njlleo — 0 as Mj — oo.

(3) ||[Km(n) — Nl = 0 as M — oo, where the function, 1 : [0, 1]" — R is defined
by n(X) = ||X]|*.

In the following theorem, we show that the multiparameter sequence (Ky(f))

converges to f uniformly for all f € C([0,1]") as M — oo,
Theorem 2.11. Let f € C([0,1]"), then |[Ky(f) — fllee =0 as M — oo

Lemma 2.1 ensures that the Bernstein-Kantorovich operator maps the mixed
Lebesgue space into itself. In the following lemma we prove that Ky :
cP ([0,1)") — cP ([0,1]™) is in fact a bounded operator.
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Lemma 2.3. Let Ky : c? ([0,1]") — cP ([0,1]") be the Bernstein-Kantorovich

operator as defined above. Then
IKn(Hllp < Iflp v Fes” (o)),

As in the classical Lebesgue spaces, C(]0,1]") is dense in the mixed norm

Lebesgue space L?([O, 1]"). We prove this in the following theorem.
Theorem 2.12. Let B € [1,00)". Then C([0, 1]") is dense in £ ([0,1]").

Theorem 2.13. Let f € L?([O, 1]") and Ky be the operator defined as above.
Then Ky (f) converges to f in L_I;([O, 1m).

Using the multiparameter sequence of Bernstein-Kantorovich operators
(Km)mene constructed above, we shall obtain a fractal approximation process
on the mixed Lebesgue space £?([O, 1]") for Pe [1,00)". To this end, we select
the base function b : [0,1]" — R involved in the construction of o-fractal func-
tions on £ 7 ([0, 1]™) via the Bernstein-Kantorovich operator Ky : c? ([0,1)") —
L7 (]0,1]"). To be precise, we take b = Ky (f) and the corresponding a-fractal
function is denoted by f{', . This gives rise to an operator Iy ;. - cP ([0,1]") —
L? ([0,1]"), defined by f > f§'s. , which we call as the Bernstein-Kantorovich

Fractal operator.

Theorem 2.14. Let the parameters o and A be fixed. Suppose | € L?([O, 1]") be
arbitrary, then the fractal perturbation Fg i (f) of f converges to f as M — oo.

As a straightforward application of the fractal operator on mixed Lebesgue
spaces, we shall construct a Schauder basis consisting of fractal functions for the
mixed Lebesgue spaces cP ([0,1]™).

The set of dyadic intervals in [0, 1] is defined by

=1 Y. .
D:{{ S ,2—m).1§]§2m,m20}.

For any I € D, let Iy and I; denote the left and right halves of I, respectively.

The £ - normalized Haar function Ay is defined as h; = xj, — X1, - The sequence
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(hi);eqp is known as £ - normalized Haar system. Let us define the collection of

dyadic hyper-rectangles in [0, 1]" by
R, = {J:zll b ... xI,:Ij.h,....I, € 1)}.

The multiparameter Haar system {hy : J € R, } is given by

hg(X) = éh[k(xk), X € [0,1]"..
k=1

In [8, Proposition I.1], it is proved that the biparameter Haar system (that is, the
multiparameter Haar system with n = 2) is an unconditional Schauder basis for
mixed Lebesgue space £(F1:72)([0,1]%), 1 < P, P, < . A similar computation
proves that the multiparameter Haar system {hg :Je Rn} is an unconditional
Schauder basis for mixed Lebesgue space L?([O, 1), Pe (1,00)™.

3. Proposed Contents of the Thesis

e Chapter 1. Introduction
1.1 Fractals: An Overview
1.2 Fractal Dimensions
1.3 Tterated Function System
1.4 Interpolation and Approximation: A Broad Perspective
1.5 Univariate Fractal Interpolation
1.6 Univariate o-Fractal Functions and Their Approximation Properties
1.7 Some Elements of Function Spaces and Operator Theory
1.8 Riemann-Liouville Fractional Integral
1.9 Motivation for the Current Work
1.10 Organization of the Thesis

* Chapter 2. Countable Zipper Fractal Interpolation Functions
2.1 Construction of Countable Zipper Fractal Interpolation Function
2.2 Stability Properties of Countable Zipper Fractal Interpolation Function
2.3 A Parameterized Family of Zipper Fractal Functions and a Zipper Fractal Operator
2.4 Extension of Zipper Fractal Operator
2.5 Complexification of Linear Zipper Fractal Operator
2.6 Conclusion

20



* Chapter 3. Countable Bivariate Fractal Interpolation Functions
3.1 Construction of Countable Bivariate Fractal Interpolation Surfaces
3.2 Approximation of the Attractor of Countable IFS
3.3 A Parameterized Family of Bivariate Fractal Functions and Associated Fractal Operator
3.4 Extension and Some Properties of Fractal Operator

3.5 Conclusion

* Chapter 4. Multivariate Fractal Interpolation Function on Rectangular Grids
4.1 A General Framework to Construct Multivariate Fractal Interpolation Functions
4.2 A Parameterized Family of Multivariate Fractal Functions and Associated Fractal
Operator
4.3 On Approximation Aspects of Multivariate a-Fractal Functions
4.4 Transfinite Multivariate a-Fractal Functions
4.5 Dimensional Analysis of Multivariate a-Fractal Functions
4.6 Fractional Integral of Continuous Multivariate ¢¢-Fractal Function

4.7 Conclusion.

¢ Chapter 5. Smoothness Preserving Multivariate Fractal Interpolation Functions
5.1 Smooth Multivariate ¢-Fractal Functions
5.2 Multivariate Fractal Hermite Interpolation
5.3 On a Constrained Multivariate Fractal Approximation

5.4 Conclusion

e Chapter 6. Multivariate Fractal Functions in Lebesgue and Sobolev Spaces
6.1 Multivariate a-Fractal Functions in Lebesgue Spaces
6.2 Multivariate a-Fractal Functions in Sobolev Spaces
6.3 Fractal Operator and Approximation in Lebesgue and Sobolev Spaces

6.4 Conclusion

* Chapter 7. Fractal Functions in Mixed Norm Spaces
7.1 a-Fractal Functions in Mixed Norm Spaces
7.2 Multivariate Kantorovich Operators in Mixed Lebesgue Spaces
7.3 An Application of Bernstein-Kantorovich Operators in Fractal Approximation

7.4 Conclusion

4. List of Publications

Published Articles

1. K.K. Pandey, P. Viswanathan, Multivariate Fractal Interpolation Functions: Some
Approximation Aspects and an Associated Nonlinear Fractal Interpolation Opera-
tor, Electronic Transactions on Numerical Analysis, 55 (2022), 627-651, DOIL:
https://doi.org/10.1553/etna_vol55s627.

21


https://doi.org/10.1553/etna_vol55s627

(1]

(2]

(3]

(4]

(5]

(6]

2. K.K. Pandey, P. Viswanathan, In Reference to a Self-Referential Approach Towards
Smooth Multivariate Approximation, Numerical Algorithms, 91 (2022), 251-281, DOI:
https://doi.org/10.1007/s11075-022-01261-7.

3. K.K. Pandey, P. Viswanathan, Multivariate Fractal Functions in Some Complete Function
Spaces and Fractional Integral of Continuous Fractal Functions, Fractal and Fractional
5(4), 185 (2021), 19 pages, DOLI: https://doi.org/10.3390/fractalfract5040185.

4. K.K. Pandey, P. Viswanathan, Countable Zipper Fractal Interpolation and Some Elementary
Aspects of the Associated Nonlinear Zipper Fractal Operator, Aequationes Mathematicae
95 (2021), 175-200, DOI: https://doi.org/10.1007/s00010-020-00766-7.

Preprints

1. K.K. Pandey, N.A. Secelean, P. Viswanathan, On Bivariate Fractal Interpolation
for Countable Data and Associated Nonlinear Fractal Operator (Review reports re-
ceived from Demonstratio Mathematica, revised version under preparation). Arxiv:
https://arxiv.org/abs/2010.05467.

2. K.K. Pandey, P. Viswanathan, Some Elementary Properties of Bernstein-Kantorovich Oper-
ators on Mixed Norm Lebesgue Spaces and Their Implications in Fractal Approximation

(communicated to a journal for possible publication).

5. Bibliography

A. C. Ahlin. A bivariate generalization of Hermite’s interpolation formula. Mathematics of
Computation, 18(86):264-273, 1964.

V. V. Aseev, A. V. Tetenov, and A. S. Kravchenko. On selfsimilar jordan curves on the plane.
Siberian Mathematical Journal, 44(3):379-386, 2003.

M. F. Barnsley. Fractal functions and interpolation. Constructive approximation, 2(1):303—
329, 1986.

M. F. Barnsley, B. Harding, A. Vince, and P. Viswanathan. Approximation of rough functions.
Journal of Approximation Theory, 209:23-43, 2016.

M. F. Barnsley and A. Vince. Fractal continuation. Constructive Approximation, 38:311-337,
2013.

P. Bouboulis and L. Dalla. A general construction of fractal interpolation functions on grids
of R™. European Journal of Applied Mathematics, 18(4):449-476, 2007.

22


https://doi.org/10.1007/s11075-022-01261-7
https://doi.org/10.3390/fractalfract5040185
https://doi.org/10.1007/s00010-020-00766-7
https://arxiv.org/abs/2010.05467

(7]

(8]

[9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

P. Bouboulis, L. Dalla, and V. Drakopoulos. Construction of recurrent bivariate fractal interpo-
lation surfaces and computation of their box-counting dimension. Journal of Approximation
Theory, 141(2):99-117, 2006.

M. Capon. Primarite de LP(L"), 1 < p,r < oo. Israel Journal of Mathematics, 42:87-98,
1982.

A. K. B. Chand and G. Kapoor. Generalized cubic spline fractal interpolation functions. SIAM
Journal on Numerical Analysis, 44(2):655-676, 2006.

A. K. B. Chand, N. Vijender, P. Viswanathan, and A. V. Tetenov. Affine zipper fractal
interpolation functions. BIT Numerical Mathematics, 60(2):319-344, 2020.

L. Dalla. Bivariate fractal interpolation functions on grids. Fractals, 10(01):53-58, 2002.

D. Hardin and P. R. Massopust. Fractal interpolation functions from R” into R and their
projections. Zeitschrift fiir Analysis und ihre Anwendungen, 12(3):535-548, 1993.

J. E. Hutchinson. Fractals and self-similarity. Indiana University Mathematics Journal,
30(5):713-747, 1981.

D. Levin, N. Dyn, and P. Viswanathan. Non-stationary versions of fixed-point theory, with
applications to fractals and subdivision. Journal of Fixed Point Theory and Applications,
21:1-25, 2019.

D.-C. Luor. Fractal interpolation functions for random data sets. Chaos, Solitons & Fractals,
114:256-263, 2018.

D.-C. Luor. Fractal interpolation functions with partial self similarity. Journal of Mathematical
Analysis and Applications, 464(1):911-923, 2018.

R. Malysz. The Minkowski dimension of the bivariate fractal interpolation surfaces. Chaos,
Solitons & Fractals, 27(5):1147-1156, 2006.

P. R. Massopust. Interpolation and approximation with splines and fractals. Oxford University
Press, Inc., 2010.

M. A. Navascués. Fractal polynomial interpolation. Zeitschrift fiir Analysis und ihre Anwen-
dungen, 24(2):401-418, 2005.

M. A. Navascués and M. V. Sebastian. Some results of convergence of cubic spline fractal
interpolation functions. Fractals, 11(01):1-7, 2003.

H.-J. Ruan and Q. Xu. Fractal interpolation surfaces on rectangular grids. Bulletin of the
Australian Mathematical Society, 91(3):435-446, 2015.

23



[22] N.-A. Secelean. The fractal interpolation for countable systems of data. Publikacije Elek-
trotehnickog fakulteta. Serija Matematika, pages 11-19, 2003.

[23] P. Viswanathan and M. A. Navascués. A fractal operator on some standard spaces of functions.
Proceedings of the Edinburgh Mathematical Society, 60(3):771-786, 2017.

[24] H. Xie and H. Sun. The study on bivariate fractal interpolation functions and creation of
fractal interpolated surfaces. Fractals, 5(04):625-634, 1997.

24



	Introduction and Motivation
	A Concise Description of the Research Work
	Introduction
	Countable Zipper Fractal Interpolation Functions
	Countable Bivariate Fractal Interpolation Functions
	Multivariate Fractal Interpolation Function on Rectangular Grids
	Smoothness Preserving Multivariate Fractal Interpolation Functions
	Multivariate Fractal Functions in Lebesgue and Sobolev Spaces
	Fractal Functions in Mixed Norm Spaces

	Proposed Contents of the Thesis
	List of Publications
	Bibliography

